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The solution of the genera l  boundary-va lue  problem for  the one-d imens ional  inhomo- 
geneous heat-  and m a s s - t r a n s f e r  equation with a finite t r a n s f e r  ra te  is invest igated.  The 
forced osci l la t ions  a r e  analyzed in s eve ra l  specia l  ca ses .  

Accord ing to  the theory  developed by Lykov [1], ce r ta in  p r o c e s s e s  in heat-  and m a s s - t r a n s f e r  s y s t e m s  a re  
s ignif icant ly  affected by the p re sence  of a finite t r a n s f e r  ra te .  For  example ,  the propagation o fhea t and  
m a s s  in heat-  and m o i s t u r e - t r a n s f e r  p r o c e s s e s  in cap i l l a ry -po rous  bodies  takes  place with a finite velocity.  
The signif icant  fac tor  here  is that the al lowance for  a finite t r a n s f e r  ra te  leads to hyperbol ic - type  equations.  
The moi s tu re  conductivi ty equation has the form 

. . . . . .  Wr AU, (1) 
O'c 2 a m Or 

in which W2r = a m / ' r  r is the cap i l l a ry  veloci ty  of the liquid, ~'r is the re laxat ion per iod in hours ,  and a m is 
the moi s tu re  diffusivity.  

Cer ta in  p rob lems  as soc ia t ed  with Eq. (1) have been solved by Lykov and P e r e l ' m a n ,  as well  as  by 
o ther  authors  [2,3]. 

We propose  to analyze the genera l  boundary-va lue  prob lem for  the one-d imens iona l  inhomogeneous 
equation 

subjec t  to the init ial  conditions 

and boundary conditions 

Ou 02u 
b 02u § c - -  a -~,- [ (x ,  ~) (2) 

O~ 2 a~ ax ~ 

u (x, o) = ~, (x), % (x, 0) = % (x) 

O~ 1 U x (Xl, T) -~ ~1 U (Xl, T) = ~1 (T), 

% US (X2, ~) + ~ U (X~, ~) = % (~), 

for  x I -< x - x 2 ,  T_>0; a, b, c a re  nonnega t i vecons t an t s anda l ,  a2, ill, /32 a re  constants .  

To  solve the p rob lem we use the in tegra l  t r a n s f o r m  
X2 

gi (~) = J" t(j (x) e (x, ~) d~, 
x l  

g (x, ~) = ~ ~j (~) Kj (x) 
i 

The solution is then r ep resen ted  in the fo rm 

(3) 

(5) 

u (x, r = y~ u-j (r ~(j (x). (6) 
i 
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The k e r n e l  of the  t r a n s f o r m  for  the g iven  p r o b l e m  is  w r i t t e n  in the f o r m  

Kj (x) = ~s}" + ~mFJ ') [(~lSJ~) + ~mF~')  co~ ~jx 

+ (ailzlSJ ~ ) -  [I~CJ i)) sin t~ix], 

w h e r e  C~ ~) = cosit~x 5 SJ i) = sintzi&, i = 1,2; 

~}'" = 2 ~  (~m~c~' + ~lSJ')) ~ {(~mPJ" + ~ST~)~[~ ( x ~ -  x,) 

-{-, SJ2)CJ 2) - -  SJ l )CJ 1)] -~- (o~i~jSJ 1) - -  I~lCJI))2[[Li (x  2 - -  X1) "2/- Ci ' )S~  1) 

- -  cJ~'sJ~'I + (IhsJ" + am~cJ')(~m~sJ"--~cJt')(cJ ' ' ' -  cJ ~" 

- sJ" + sJ~)')} -~. 

H e r e  the e i g e n v a l u e s / ~ ]  s a t i s f y  the equa t ion  

[l~,C}" - ~,,~,jsJ"}[~sT' + ~,~r,~c} ~,] = [l~c} ~' - ~jsJ~']t~,s} '' + ~,mFf']. 

(7) 

(8) 

(9) 

Now the so lu t i on  (6) l eads  to the fo l lowing  equa t ion  in the  i m a g e  d o m a i n :  

b ~. (~) + ~;. (~) + ~ d  ~ (~) = ~B~ (~) + ~ (~), 

w h e r e  
A(.t) 

Bj (x) : ~ {lain j cos ~ (x2 - -  xl) - -  ~1 sin ix~ (x, - -  &)] (p, (x) - -  a,ltflp1 (x)} 

(lO) 

s u b j e c t  to  the i n i t i a l  cond i t ion  

u~ (0) = - G ,  ;i(0) = G .  

Equat ion  (10) c l e a r l y  d e s c r i b e s  f o r c e d  o s c i l l a t i o n s  e x c i t e d  in the  s y s t e m  b y  e x t e r n a l  e f f e c t s  s p e c i f i e d  

b y  the funct ions  

y (x, ~), ~1 (~), ~ (T). 

L e t  us c o n s i d e r  a s p e c i a l  c a s e  of f o r c e d  o s c i l l a t i o n s .  Le t  a 1 = a 2 = 0, fil =132 = 1, go I =q~2 = ~bi = ~b2 = 0, 
x I =0 ,  x 2 =l,  f = A  sinc0T. In th i s  c a s e  #k  =kTr//, Kk(X ) = (2 / / ) s in  if:rex~l), 

1 

"]g = .  A s in  ~T s m  - -  a x  = - -  [1 - -  ( - -  1)kl s i n  ~'~ = f~ s i n  ~'~. 
l kr~ 

Now the so lu t i on  of Eq. (10) can  be r e p r e s e n t e d  in the  f ina l  f o r m  

(al~ - -  b o)~) fh ca)fh 
U~ (x) = (atz ~ _ bo2) 2 -4- c 2r sin co~ + (a#~ - -  br * + c2~0 2 cos cox. ( i i )  

Subs t i tu t ing  (11) and the k e r n e l  Kk(X) into (6), we obta in  a so lu t i on  of the f o r c e d  o s c i l l a t i o n  p r o b l e m .  

In the  t h e o r y  of t h e r m a l  conduc t ion  the v e t o c i t y  of hea t  p r o p a g a t i o n  i s  in f in i t e ,  the  r e l a x a t i o n  p e r i o d  
r r  = 0, and we a r r i v e  a t  a p a r a b o l i c - t y p e  equa t ion ,  pu t t ing  b = 0 in (2). Then  (11) a s s u m e s  the f o r m  

CO~f h 
alx~fk sin cox + (12) uh (~) - ~ 4 + c~o:,~ a ~  + c~,o~ cos,.o~. a i.,tk 

A s / ~  i s  i n c r e a s e d  the a m p l i t u d e s  of the  h a r m o n i c s  d e c r e a s e ,  and  the so lu t ion  i s  d e t e r m i n e d  b y  the f r e -  

quency  co. 

The  p e r i o d i c  s o l u t i o n s  of the  t h e r m a l  conduc t ion  equa t ion  have  b e e n  i n v e s t i g a t e d  in a m o r e  g e n e r a l  
c a s e  in [4]. In the c a s e  c = 0 the  equa t ion  i s  of the  h y p e r b o l i c  type ,  and  e x p r e s s i o n  (11) a s s u m e s  the f o r m  

Th sin cot. (13) 

C l e a r l y ,  the e f f ec t  known a s  r e s o n a n c e  can  o c c u r  h e r e  when ( a # ~ - b w  2) ~ 0 fo r  one of the  v a l u e s  of k. 
Then  the a m p l i t u d e  of the c o r r e s p o n d i n g  h a r m o n i c  i n c r e a s e s  wi t i iout  bound,  a s  does  the  so lu t ion  of p r o b l e m  
(6). Th i s  e f f ec t  can  be  o b s e r v e d  fo r  g a s e s  a t  low p r e s s u r e s ,  in which c a s e  the  hea t  t r a n s f e r  i s  m o l e c u l a r  
and the  t h e r m a l  c o n d u c t i v i t y  i s  d e t e r m i n e d  b y  the  f ini te  v e l o c i t y  of hea t  p r o p a g a t i o n .  
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Finally,  set t ing the denominator  in (11) equal to zero ,  we can es tab l i sh  a more  complex  re la t ionship  
between the forced osci l lat ion f requency w and the e igenvalues  ~k" 

1~ 
2. 
3. 
4. 
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